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Abstrat: Wiegerink has shown that a separately subharmoni funtion need not be subhar-
moni. Improving previous results of Lelong, of Avanissian, of Arsove and of us, Armitage and
Gardiner gave an almost sharp integrability ondition whih ensures a separately subharmoni
funtion to be subharmoni. Completing now our reent ounterparts to the ited results of
Lelong, Avanissian and Arsove for so alled quasi-nearly subharmoni funtions, we present a
ounterpart to the ited result of Armitage and Gardiner for separately quasi-nearly subhar-
moni funtion. This ounterpart enables us to slightly improve Armitage's and Gardiner's
original result, too. The method we use is a rather straightforward and tehnial, but still
by no means easy, modiation of Armitage's and Gardiner's argument ombined with an old
argument of Domar.
Key words: Subharmoni, quasi-nearly subharmoni, separately subharmoni, separately quasi-
nearly subharmoni, integrability ondition.
1. Introdution
1.1. Solving a long standing problem, Wiegerink [Wi88, Theorem, p. 770℄, see alsoWiegerink
and Zeinstra [WZ91, Theorem 1, p. 246℄, showed that a separately subharmoni funtion need
not be subharmoni. On the other hand, Armitage and Gardiner [AG93, Theorem 1, p. 256℄
showed that a separately subharmoni funtion u in a domain Ω in Rm+n, m ≥ n ≥ 2, is
subharmoni provided φ(log+ u+) is loally integrable in Ω, where φ : [0,+∞) → [0,+∞) is
an inreasing funtion suh that
+∞∫
1
s(n−1)/(m−1)(φ(s))−1/(m−1) ds < +∞.
Armitage's and Gardiner's result inludes the previous results of Lelong [Le45, Théorème 1 bis,
p. 315℄, of Avanissian [Av61, Théorème 9, p. 140℄, see also [He71, Theorem, p. 31℄, of Arsove
[Ar66, Theorem 1, p. 622℄, and of us [Ri89, Theorem 1, p. 69℄. Though Armitage's and Gar-
diner's result is almost sharp, it is, nevertheless, based on Avanissian's result, or, alternatively,
on the more general results of Arsove and us. See [Ri073℄.
In [Ri073, Proposition 3; Theorem 1, Corollary 1, Corollary 2, Corollary 3; Theorem 2,
Corollary; Theorem 3 (Proposition 3.1, p. 57; Theorem 3.1, Corollary 3.1, Corollary 3.2,
Corollary 3.3, pp. 58-63; Theorem 4.1, Corollary 4.1, pp. 64-65; Theorem 4.2, p. 65)℄ we have
extended the ited result of Lelong, Avanissian, Arsove, and us to the so alled quasi-nearly
subharmoni funtions. The purpose of this paper is to extend also Armitage's and Gardiner's
result to this more general setup. Our result will, at the same time, give a slight renement to
Armitage's and Gardiner's result. The method of proof will be a rather straightforward and
tehnial, but still by no means easy, modiation of Domar's and Armitage's and Gardiner's
argument, see [Do57, Lemma 1, pp. 431-432 and 430℄ and [AG93, proof of Proposition 2,
pp. 257-259, proof of Theorem 1, pp. 258-259℄.
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1.2. Notation. Our notation is rather standard, see e.g. [Ri061℄, [Ri073℄ and [He71℄. mN
is the Lebesgue measure in the Eulidean spae RN , N ≥ 2. We write νN for the Lebesgue
measure of the unit ball BN (0, 1) in RN , thus νN = mN (B
N (0, 1)). D is a domain of RN .
The omplex spae C
n
is identied with the real spae R
2n
, n ≥ 1. Constants will be denoted
by C and K. They will be nonnegative and may vary from line to line.
2. Quasi-nearly subharmoni funtions
2.1. Nearly subharmoni funtions. We reall that an upper semiontinuous funtion
u : D → [−∞,+∞) is subharmoni if for all BN (x, r) ⊂ D,
u(x) ≤
1
νN rN
∫
BN (x,r)
u(y) dmN(y).
The funtion u ≡ −∞ is onsidered subharmoni.
We say that a funtion u : D → [−∞,+∞) is nearly subharmoni, if u is Lebesgue
measurable, u+ ∈ L1
lo
(D), and for all BN (x, r) ⊂ D,
u(x) ≤
1
νN rN
∫
BN (x,r)
u(y) dmN(y).
Observe that in the standard denition of nearly subharmoni funtions one uses the slightly
stronger assumption that u ∈ L1
lo
(D), see e.g. [He71, p. 14℄. However, our above, slightly more
general denition seems to be more useful, see [Ri073, Proposition 1 (iii) and Proposition 2 (vi)
and (vii) (Proposition 2.1 (iii) and Proposition 2.2 (vi), (vii), pp. 54-55)℄.
2.2. Quasi-nearly subharmoni funtions. A Lebesgue measurable funtion u : D →
[−∞,+∞) is K-quasi-nearly subharmoni, if u+ ∈ L1
lo
(D) and if there is a onstant K =
K(N, u,D) ≥ 1 suh that for all BN (x, r) ⊂ D,
(1) uM (x) ≤
K
νN rN
∫
BN (x,r)
uM (y) dmN (y)
for allM ≥ 0, where uM := max{u,−M}+M . A funtion u : D → [−∞,+∞) is quasi-nearly
subharmoni, if u is K-quasi-nearly subharmoni for some K ≥ 1.
A Lebesgue measurable funtion u : D → [−∞,+∞) is K-quasi-nearly subharmoni n.s.
(in the narrow sense), if u+ ∈ L1
lo
(D) and if there is a onstant K = K(N, u,D) ≥ 1 suh
that for all BN (x, r) ⊂ D,
(2) u(x) ≤
K
νN rN
∫
BN (x,r)
u(y) dmN(y).
A funtion u : D → [−∞,+∞) is quasi-nearly subharmoni n.s., if u is K-quasi-nearly
subharmoni n.s. for some K ≥ 1.
Quasi-nearly subharmoni funtions (perhaps with a dierent termonology, and some-
times in ertain speial ases, or just the orresponding generalized mean value inequality
(2)) have previously been onsidered at least in [FS72℄, [Ku74℄, [To86℄, [Ri89℄, [Pa94℄, [Mi96℄,
[Ri00℄, [Ri03℄, [Ri04℄, [PR08℄, [Ri061℄, [Ri062℄, [Ri073℄, [Ko07℄ and [DP07℄. We reall here only
that this funtion lass inludes, among others, subharmoni funtions, and, more generally,
quasisubharmoni (see e.g. [Le45, p. 309℄, [Av61, p. 136℄, [He71, p. 26℄) and also nearly sub-
harmoni funtions (see e.g. [He71, p. 14℄), also funtions satisfying ertain natural growth
onditions, espeially ertain eigenfuntions, and polyharmoni funtions. Also, the lass of
Harnak funtions is inluded, thus, among others, nonnegative harmoni funtions as well as
2
nonnegative solutions of some ellipti equations. In partiular, the partial dierential equa-
tions assoiated with quasiregular mappings belong to this family of ellipti equations, see
Vuorinen [Vu82℄. Observe that already Domar [Do57, p. 430℄ has pointed out the relevane
of the lass of (nonnegative) quasi-nearly subharmoni funtions. For, at least partly, an even
more general funtion lass, see [Do88℄.
For examples and basi properties of quasi-nearly subharmoni funtions, see the above
referenes, espeially [PR08℄ and [Ri073℄. For the sake of onveniene of the reader we reall
the following:
(i) A K-quasi-nearly subharmoni funtion n.s. is K-quasi-nearly subharmoni, but not
neessarily onversely.
(ii) A nonnegative Lebesgue measurable funtion is K-quasi-nearly subharmoni if and
only if it is K-quasi-nearly subharmoni n.s.
(iii) A Lebesgue measurable funtion is 1-quasi-nearly subharmoni if and only if it is
1-quasi-nearly subharmoni n.s. and if and only if it is nearly subharmoni (in the
sense dened above).
(iv) If u : D → [−∞,+∞) is K1-quasi-nearly subharmoni and v : D → [−∞,+∞)
is K2-quasi-nearly subharmoni, then sup{u, v} is sup{K1,K2}-quasi-nearly subhar-
moni in D. Espeially, u+ := max{u, 0} is K1-quasi-nearly subharmoni in D.
(v) Let F be a family of K-quasi-nearly subharmoni (resp. K-quasi-nearly subharmoni
n.s.) funtions in D and let w := supu∈F u. If w is Lebesgue measurable and w
+ ∈
L
1
lo
(D), then w is K-quasi-nearly subharmoni (resp. K-quasi-nearly subharmoni
n.s.) in D.
(vi) If u : D → [−∞,+∞) is quasi-nearly subharmoni n.s., then either u ≡ −∞ or u is
nite almost everywhere in D, and u ∈ L1
lo
(D).
3. Lemmas
3.1. The following result and its proof is essentially due to Domar [Do57, Lemma 1, pp. 431-
432 and 430℄. We state the result, however, in a more general form, at least seemingly. See
also [AG93, p. 258℄.
3.2. Lemma. Let K ≥ 1. Let ϕ : [0,+∞) → [0,+∞) and ψ : [0,+∞) → [0,+∞) be
inreasing (stritly or not) funtions suh that there are s0, s1 ∈ N, s0 < s1, suh that
(i) the inverse funtions ϕ−1 and ψ−1 are dened on [inf{ϕ(s1 − s0), ψ(s1 − s0) },+∞),
(ii) 2K(ψ−1 ◦ ϕ)(s− s0) ≤ (ψ
−1 ◦ ϕ)(s) for all s ≥ s1.
Let u : D → [0,+∞) be a K-quasi-nearly subharmoni funtion. Suppose that
u(xj) ≥ (ψ
−1 ◦ ϕ)(j)
for some xj ∈ D, j ≥ s1. If
Rj ≥
(
2K
νN
)1/N [
(ψ−1 ◦ ϕ)(j + 1)
(ψ−1 ◦ ϕ)(j)
mN (Aj)
]1/N
where
Aj := { x ∈ D : (ψ
−1 ◦ ϕ)(j − s0) ≤ u(x) < (ψ
−1 ◦ ϕ)(j + 1) },
then either BN (xj , Rj) ∩ (RN \D) 6= ∅ or there is xj+1 ∈ BN (xj , Rj) suh that
u(xj+1) ≥ (ψ
−1 ◦ ϕ)(j + 1).
Proof. Choose
Rj ≥
(
2K
νN
)1/N [
(ψ−1 ◦ ϕ)(j + 1)
(ψ−1 ◦ ϕ)(j)
mN (Aj)
]1/N
,
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and suppose that BN (xj , Rj) ⊂ D. Suppose on the ontrary that u(x) < (ψ−1 ◦ ϕ)(j + 1) for
all x ∈ BN (xj , Rj). Using the assumption (1) (or (2)) we see that
(ψ−1 ◦ ϕ)(j) ≤ u(xj) ≤
K
νNRNj
∫
BN (xj,Rj)
u(x) dmN (x)
≤
K
νNRNj
∫
BN (xj ,Rj)∩Aj
u(x) dmN (x) +
K
νNRNj
∫
BN (xj,Rj)\Aj
u(x) dmN (x)
<
[
KmN (B
N (xj , Rj) ∩Aj)
νNRNj
(ψ−1 ◦ ϕ)(j + 1)
(ψ−1 ◦ ϕ)(j)
+
KmN(B
N (xj , Rj) \Aj)
νNRNj
(ψ−1 ◦ ϕ)(j − s0)
(ψ−1 ◦ ϕ)(j)
]
(ψ−1 ◦ ϕ)(j)
< (ψ−1 ◦ ϕ)(j),
a ontradition. 
3.3. The next lemma is a slightly generalized version of Armitage's and Gardiner's result
[AG93, Proposition 2, p. 257℄. The proof of our renement is  as already pointed out  a
rather straightforward modiation of Armitage's and Gardiner's argument [AG93, proof of
Proposition 2, pp. 257-259℄.
3.4. Lemma. Let K ≥ 1. Let ϕ : [0,+∞) → [0,+∞) and ψ : [0,+∞) → [0,+∞) be
inreasing funtions suh that there are s0, s1 ∈ N, s0 < s1, suh that
(i) the inverse funtions ϕ−1 and ψ−1 are dened on [inf{ϕ(s1 − s0), ψ(s1 − s0) },+∞),
(ii) 2K(ψ−1 ◦ ϕ)(s− s0) ≤ (ψ−1 ◦ ϕ)(s) for all s ≥ s1,
(iii)
∑+∞
j=s1+1
[
(ψ−1◦ϕ)(j+1)
(ψ−1◦ϕ)(j)
1
ϕ(j−s0)
]1/(N−1)
< +∞.
Let u : D → [0,+∞) be a K-quasi-nearly subharmoni funtion. Let s˜1 ∈ N, s˜1 ≥ s1, be
arbitrary. Then for eah x ∈ D and r > 0 suh that BN (x, r) ⊂ D either
u(x) ≤ (ψ−1 ◦ ϕ)(s˜1 + 1)
or
Φ(u(x)) ≤
C
rN
∫
BN (x,r)
ψ(u(y)) dmN (y)
where C = C(N,K, s0) and Φ : [s2,+∞)→ [0,+∞),
Φ(t) :=

+∞∑
j=j0
[
(ψ−1 ◦ ϕ)(j + 1)
(ψ−1 ◦ ϕ)(j)
1
ϕ(j − s0)
]1/(N−1)
1−N
,
and j0 ∈ {s1 + 1, s1 + 2, . . . } is suh that
(ψ−1 ◦ ϕ)(j0) ≤ t < (ψ
−1 ◦ ϕ)(j0 + 1),
and s2 := (ψ
−1 ◦ ϕ)(s1 + 1).
Proof. Take x ∈ D and r > 0 arbitrarily suh that BN (x, r) ⊂ D. We may suppose that
u(x) > (ψ−1 ◦ ϕ)(s˜1 + 1). Sine ϕ and ψ are inreasing, there is an integer j0 ≥ s˜1 + 1 suh
that
(ψ−1 ◦ ϕ)(j0) ≤ u(x) < (ψ
−1 ◦ ϕ)(j0 + 1).
write xj0 := x, D0 := B
N (xj0 , r) and for eah j ≥ j0,
Aj :={ y ∈ D0 : (ψ
−1 ◦ ϕ)(j − s0) ≤ u(y) < (ψ
−1 ◦ ϕ)(j + 1) },
Rj :=
(
2K
νN
)1/N [
(ψ−1 ◦ ϕ)(j + 1)
(ψ−1 ◦ ϕ)(j)
mN (Aj)
]1/N
.
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If BN (xj0 , Rj0) ∩ (R
N \D0) 6= ∅, then learly
r < Rj0 ≤
+∞∑
k=j0
Rk.
On the other hand, if BN (xj0 , Rj0) ⊂ D0, then by Lemma 3.2 there is xj0+1 ∈ B
N (xj0 , Rj0)
suh that u(xj0+1) ≥ (ψ
−1 ◦ ϕ)(j0 + 1). Suppose now that for k = j0, j0 + 1, . . . , j,
BN (xk, Rk) ⊂ D0, xk+1 ∈ B
N (xk, Rk) (this for k = j0, j0+1, . . . , j−1), and u(xk) ≥ (ψ
−1◦ϕ)(k).
By Lemma 3.2 there then is xj+1 ∈ BN (xj , Rj) suh that u(xj+1) ≥ (ψ−1 ◦ ϕ)(j + 1). Sine
u is loally bounded above and (ψ−1 ◦ ϕ)(k) → +∞ as k → +∞, we may suppose that
BN (xj+1, Rj+1) ∩ (RN \D0) 6= ∅. But then
r < dist(xj0 , xj0+1) + dist(xj0+1, xj0+2) + · · ·+ dist(xj , xj+1) + dist(xj+1,R
N \D0),
thus
(3) r < Rj0 +Rj0+1 + · · ·+Rj + Rj+1 ≤
+∞∑
k=j0
Rk.
Using then the notation
ak := { y ∈ D0 : (ψ
−1 ◦ ϕ)(k) ≤ u(y) < (ψ−1 ◦ ϕ)(k + 1) },
k = j0 − s0, j0 + 1− s0, . . . , we get from (3):
r <
+∞∑
k=j0
(
2K
νN
)1/N [
(ψ−1 ◦ ϕ)(k + 1)
(ψ−1 ◦ ϕ)(k)
mN (Ak)
]1/N
<
(
2K
νN
)1/N +∞∑
k=j0
([
(ψ−1 ◦ ϕ)(k + 1)
(ψ−1 ◦ ϕ)(k)
1
ϕ(k − s0)
]1/N
[ϕ(k − s0)mN (Ak)]
1/N
)
<
(
2K
νN
)1/N  +∞∑
k=j0
[
(ψ−1 ◦ ϕ)(k + 1)
(ψ−1 ◦ ϕ)(k)
1
ϕ(k − s0)
]1/(N−1)
(N−1)/N 
 +∞∑
k=j0
ϕ(k − s0)mN (Ak)


1/N
<
(
2K
νN
)1/N  +∞∑
k=j0
[
(ψ−1 ◦ ϕ)(k + 1)
(ψ−1 ◦ ϕ)(k)
1
ϕ(k − s0)
]1/(N−1)
(N−1)/N 
 +∞∑
k=j0
∫
Ak
ψ(u(y))dmN (y)


1/N
<
(
2K
νN
)1/N  +∞∑
k=j0
[
(ψ−1 ◦ ϕ)(k + 1)
(ψ−1 ◦ ϕ)(k)
1
ϕ(k − s0)
]1/(N−1)
(N−1)/N

 +∞∑
k=j0

 k∑
j=k−s0
∫
aj
ψ(u(y))dmN (y)




1/N
<
[
2(s0 + 1)K
νN
]1/N  +∞∑
k=j0
[
(ψ−1 ◦ ϕ)(k + 1)
(ψ−1 ◦ ϕ)(k)
1
ϕ(k − s0)
]1/(N−1)
(N−1)/N 
∫
D0
ψ(u(y))dmN (y)


1/N
.
Thus
Φ(u(x)) ≤
C
rN
∫
D0
ψ(u(y))dmN (y),
where C = C(N,K, s0) and Φ : [s2,+∞)→ [0,+∞),
Φ(t) :=

 +∞∑
k=j0
[
(ψ−1 ◦ ϕ)(k + 1)
(ψ−1 ◦ ϕ)(k)
1
ϕ(k − s0)
]1/(N−1)
1−N
,
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where j0 ∈ { s1 + 1, s1 + 2, . . . } is suh that
(ψ−1 ◦ ϕ)(j0) ≤ t < (ψ
−1 ◦ ϕ)(j0 + 1),
and s2 = (ψ
−1 ◦ ϕ)(s1 + 1).
The funtion Φ may be extended to the whole interval [0,+∞), for example as follows:
Φ(t) :=
{
Φ(t), when t ≥ s2,
t
s2
Φ(s2), when 0 ≤ t < s2.

3.5. Remark. Write s3 := sup{ s1 + 3, (ψ−1 ◦ ϕ)(s1 + 3) }, say. (We may suppose that s3 is
an integer.) Suppose that, in addition to the assumptions (i), (ii), (iii) of Lemma 3.4, also the
following assumption is satised:
(iv) the funtion
[s1 + 1,+∞) ∋ s 7→
(ψ−1 ◦ ϕ)(s+ 1)
(ψ−1 ◦ ϕ)(s)
1
ϕ(t− s0)
∈ R
is dereasing.
Then one an replae the funtion Φ | [s3,+∞) by the funtion Φ1 | [s3,+∞), where
Φ1(= Φ
ϕ,ψ
1 ) : [0,+∞)→ [0,+∞),
Φ1(t)(= Φ
ϕ,ψ
1 (t)) :=


(
+∞∫
(ϕ−1◦ψ)(t)−2
[
(ψ−1◦ϕ)(s+1)
(ψ−1◦ϕ)(s)
1
ϕ(s−s0)
]1/(N−1)
ds
)1−N
, when t ≥ s3,
t
s3
Φ1(s3), when 0 ≤ t < s3.
Similarly, if the funtion
[s1 + 1,+∞) ∋ s 7→
(ψ−1 ◦ ϕ)(s+ 1)
(ψ−1 ◦ ϕ)(s)
∈ R
is bounded, then in Lemma 3.4 one an replae the funtion Φ | [s3,+∞) by the funtion
Φ2 | [s3,+∞), where Φ2(= Φ
ϕ,ψ
2 ) : [0,+∞)→ [0,+∞),
Φ2(t)(= Φ
ϕ,ψ
2 (t)) :=


[
+∞∫
(ϕ−1◦ψ)(t)−2
ds
ϕ(s−s0)1/(N−1)
]1−N
, when t ≥ s3,
t
s3
Φ2(s3), when 0 ≤ t < s3.
4. The ondition
4.1. Next we propose a ounterpart to Armitage's and Gardiner's result [AG93, Theorem 1,
p. 256℄ for quasi-nearly subharmoni funtions. The proof below follows Armitage's and Gar-
diner's argument [AG93, proof of Theorem 1, pp. 258-259℄, but is, at least formally, more
general. Compare also Corollary 4.7 below.
4.2. Theorem. Let Ω be a domain in Rm+n, m ≥ n ≥ 2, and let K ≥ 1. Let u : Ω →
[−∞,+∞) be a Lebesgue measurable funtion. Suppose that the following onditions are sat-
ised:
(a) For eah y ∈ Rn the funtion
Ω(y) ∋ x 7→ u(x, y) ∈ [−∞,+∞)
is K-quasi-nearly subharmoni.
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(b) For eah x ∈ Rm the funtion
Ω(x) ∋ y 7→ u(x, y) ∈ [−∞,+∞)
is K-quasi-nearly subharmoni.
() There are inreasing funtions ϕ : [0,+∞)→ [0,+∞) and ψ : [0,+∞)→ [0,+∞) and
s0, s1 ∈ N, s0 < s1, suh that
(1) the inverse funtions ϕ−1 and ψ−1 are dened on [inf{ϕ(s1 − s0), ψ(s1 − s0) },+∞),
(2) 2K(ψ−1 ◦ ϕ)(s− s0) ≤ (ψ−1 ◦ ϕ)(s) for all s ≥ s1,
(3) the funtion
[s1 + 1,+∞) ∋ s 7→
(ψ−1 ◦ ϕ)(s+ 1)
(ψ−1 ◦ ϕ)(s)
∈ R
is bounded,
(4)
+∞∫
s1
s(n−1)/(m−1)
ϕ(s−s0)1/(m−1)
ds < +∞,
(5) ψ ◦ u+ ∈ L1
lo
(Ω).
Then u is quasi-nearly subharmoni in Ω.
Proof. Reall that s3 = sup{ s1+3, (ψ−1◦ϕ)(s1+3) }. Write s4 := sup{ s3 + s0, (ϕ−1 ◦ ψ)(s1 + 3) }
and s5 := s4 + s0, say. Clearly, s0 < s1 < s2 < s3 < s4 < s5. (We may suppose
that s3, s4 and s5 are integers.) One may replae u by uM := sup{ u+,M }, where M =
sup{ s5 + 3, (ψ−1 ◦ ϕ)(s4 + 3), (ϕ−1 ◦ ψ)(s4 + 3) }, say. We ontinue to denote uM by u.
Take (x0, y0) ∈ Ω and r > 0 arbitrarily suh that Bm(x0, 2r)×Bn(y0, 2r) ⊂ Ω. By [Ri073,
Proposition 3 (Proposition 3.1, p. 57)℄ (that is, by a ounterpart to [Ri89, Theorem 1, p. 69℄,
say) it is suient to show that u is bounded above in Bm(x0, r)×Bn(y0, r).
Take (ξ, η) ∈ Bm(x0, r) × Bn(y0, r) arbitrarily. In order to apply Lemma 3.4 to the
K-quasi-nearly subharmoni funtion u(·, η) in Bm(ξ, r), hek that the assumptions are sat-
ised. Sine (i) and (ii) are learly satised, it remains to show that
+∞∑
j=s1+1
[
(ψ−1 ◦ ϕ)(j + 1)
(ψ−1 ◦ ϕ)(j)
1
ϕ(j − s0)
]1/(m−1)
< +∞.
Beause of the assumption (3), it is suient to show that
+∞∑
j=s1+1
1
ϕ(j − s0)1/(m−1)
< +∞.
This is seen as follows. Observe rst that
+∞∑
j=s1+1
1
ϕ(j − s0)1/(m−1)
≤
+∞∫
s1
ds
ϕ(s− s0)1/(m−1)
≤
+∞∫
s1
s(n−1)/(m−1)
ϕ(s− s0)1/(m−1)
ds < +∞.
We know that u(ξ, η) ≥ s4. Therefore it follows from Lemma 3.4 and Remark 3.5 that
(4) Φ2(u(ξ, η)) =


+∞∫
(ϕ−1◦ψ)(u(ξ,η))−2
ds
ϕ(s− s0)1/(m−1)


1−m
≤
C
rm
∫
Bm(ξ,r)
ψ(u(x, η))dmm(x).
Reall that here Φ2(= Φ
ϕ,ψ
2 ) : [0,+∞)→ [0,+∞),
Φ2(t)(= Φ
ϕ,ψ
2 (t)) :=


[
+∞∫
(ϕ−1◦ψ)(t)−2
ds
ϕ(s−s0)1/(m−1)
]1−m
, when t ≥ s3,
t
s3
Φ2(s3), when 0 ≤ t < s3.
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Take then the integral mean values of both sides of (4) over Bn(η, r):
C
rn
∫
Bn(η,r)
Φ2(u(ξ, y))dmn(y) ≤
C
rn
∫
Bn(η,r)
[
C
rm
∫
Bm(ξ,r)
ψ(u(x, y))dmm(x)]dmn(y)
≤
C
rm+n
∫
Bm(ξ,r)×Bn(η,r)
ψ(u(x, y))dmm+n(x, y)
≤
C
rm+n
∫
Bm(x0,2r)×Bn(y0,2r)
ψ(u(x, y))dmm+n(x, y).
(5)
In order to apply Lemma 3.4 (and Remark 3.5) one more, dene ψ1 : [0,+∞)→ [0,+∞),
ψ1(t) := Φ2(t), where Φ2 : [0,+∞)→ [0,+∞) is as above. Dene ϕ1 : [0,+∞)→ [0,+∞),
ϕ1(t) :=
{
t
s3
ψ1((ψ
−1 ◦ ϕ)(s3)) =
t
s3
Φ2(ψ
−1(ϕ(s3))), when 0 ≤ t < s3,
ψ1((ψ
−1 ◦ ϕ)(t)) = Φ2(ψ−1(ϕ(t))), when t ≥ s3.
It is straightforward to see that both ψ1 and ϕ1 are stritly inreasing and ontinuous. Observe
also that for t ≥ s4, say,
ϕ1(t) = Φ2((ψ
−1 ◦ ϕ)(t)) =


+∞∫
(ϕ−1◦ψ)((ψ−1◦ϕ)(t))−2
ds
ϕ(s− s0)1/(m−1)


1−m
=

 +∞∫
t−2
ds
ϕ(s− s0)1/(m−1)


1−m
.
(6)
Chek then that the assumptions of Lemma 3.4 (and Remark 3.5) are fulllled. Write
s˜0 := s0 and s˜1 := s4. The assumption (i) is learly satised for ψ1 and ϕ1. Then for all
s ≥ s˜1,
ϕ1(t) = ψ1((ψ
−1 ◦ ϕ)(t)) ⇔ (ψ−11 ◦ ϕ1)(t) = (ψ
−1 ◦ ϕ)(t).
Thus also the assumption (ii) is satised. It remains to show that
+∞∑
j=s4+1
[
(ψ−11 ◦ ϕ1)(j + 1)
(ψ−11 ◦ ϕ1)(j)
1
ϕ1(j − s0)
]1/(n−1)
< +∞,
say. It is surely suient to show that
(7)
+∞∫
s5+s0+2
ds
ϕ1(s− s0)
1/(n−1)
< +∞.
Dene F : [s5,+∞)× [s5 + s0 + 2,+∞)→ [0,+∞),
F (s, t) :=
{
0, when s5 ≤ s < t− s0 − 2,
ϕ(s− s0)−1/(m−1), when s5 + s0 + 2 ≤ t− s0 − 2 ≤ s.
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Suppose that m > n and write p := (m − 1)/(n − 1). Using Minkowski's Inequality, see
e.g. [Ga07, p. 14℄, one obtains, with the aid of (6),

 +∞∫
s5+s0+2
dt
ϕ1(t− s0)1/(n−1)


(n−1)/(m−1)
=


+∞∫
s5+s0+2



 +∞∫
t−s0−2
ds
ϕ(s− s0)1/(m−1)


1−m


−1/(n−1)
dt


(n−1)/(m−1)
=


+∞∫
s5+s0+2

 +∞∫
t−s0−2
ds
ϕ(s− s0)1/(m−1)


(m−1)/(n−1)
dt


(n−1)/(m−1)
=


+∞∫
s5+s0+2

 +∞∫
s5
F (s, t)ds


(m−1)/(n−1)
dt


(n−1)/(m−1)
≤
+∞∫
s5

 +∞∫
s5+s0+2
F (s, t)(m−1)/(n−1)dt


(n−1)/(m−1)
ds
≤
+∞∫
s5

 s+s0+2∫
s5+s0+2
dt
ϕ(s− s0)1/(n−1)


(n−1)/(m−1)
ds ≤
+∞∫
s5
[(s+ s0 + 2)− (s5 + s0 + 2)](n−1)/(m−1)
ϕ(s− s0)1/(m−1)
ds
≤
+∞∫
s5
(s− s5)(n−1)/(m−1)
ϕ(s− s0)1/(m−1)
ds ≤
+∞∫
s5
s(n−1)/(m−1)
ϕ(s− s0)1/(m−1)
ds < +∞.
The asem = n is onsidered similarly, just replaing Minkowski's Inequality with Fubini's
Theorem.
Now we an apply Lemma 3.4 (and Remark 3.5) to the left hand side of (5). Reall that
s˜0 = s0, s˜1 = s4, s˜3 := sup{ s˜1+3, (ψ
−1
1 ◦ϕ1)(s˜1+3) }, and s˜4 := sup{ s˜3 + s˜0, (ϕ
−1
1 ◦ ψ1)(s˜1 + 3) }.
(Here and below, in the previous denitions just replae the funtions ϕ and ψ with the
funtions ϕ1 and ψ1, respetively.) Write moreover s
∗
4 := sup{ s˜4, (ψ
−1 ◦ ϕ)(s4) }, say. Sine
u(ξ, η) ≥M ≥ s∗4 ≥ s˜4 for all (ξ, η) ∈ B
m(x0, r)× B
n(y0, r), we obtain, using (5),
Ψ(u(ξ, η)) =


+∞∫
(ϕ−11 ◦ψ1)(u(ξ,η))−2
ds
ϕ1(s− s0)1/(n−1)


1−n
≤
C
rn
∫
Bn(η,r)
Φ2(u(ξ, y))dmn(y)
≤
C
rm+n
∫
Bm(x0,2r)×Bn(y0,2r)
ψ(u(x, y))dmm+n(x, y).
(8)
Here now Ψ(= Φϕ1,ψ12 ) : [0,+∞)→ [0,+∞),
Ψ(t)(= Φϕ1,ψ12 (t)) :=



 +∞∫
(ϕ−11 ◦ψ1)(t)−2
ds
ϕ1(s−s0)1/(n−1)


1−n
, when t ≥ s˜3,
t
s˜3
Ψ(s˜3), when 0 ≤ t < s˜3,
see Remark 3.5 above. From (8), from the fats that (ϕ−11 ◦ ψ1)(t) = (ϕ
−1 ◦ ψ)(t) → +∞ as
t→ +∞, from (7), and from the fat that∫
Bm(x0,2r)×Bn(y0,2r)
ψ(u(x, y))dmm+n(x, y) < +∞,
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one sees that u must be bounded above in Bm(x0, r) ×Bn(y0, r), onluding the proof. 
4.3. Corollary. Let Ω be a domain in Rm+n, m ≥ n ≥ 2, and let K ≥ 1. Let u : Ω →
[−∞,+∞) be a Lebesgue measurable funtion. Suppose that the following onditions are sat-
ised:
(a) For eah y ∈ Rn the funtion
Ω(y) ∋ x 7→ u(x, y) ∈ [−∞,+∞)
is K-quasi-nearly subharmoni.
(b) For eah x ∈ Rm the funtion
Ω(x) ∋ y 7→ u(x, y) ∈ [−∞,+∞)
is K-quasi-nearly subharmoni.
() There is a stritly inreasing surjetion ϕ : [0,+∞)→ [0,+∞) suh that
(1)
+∞∫
s0+1
s(n−1)/(m−1)
ϕ(s−s0)1/(m−1)
ds < +∞ for some s0 ∈ N,
(2) ϕ(log+ u+) ∈ L1
lo
(Ω).
Then u is quasi-nearly subharmoni in Ω.
Proof. Just hoose ψ = ϕ ◦ log+ and apply Theorem 4.2. 
4.4. Remark. One sees easily that the ondition (1) an be replaed by the ondition
(1')
+∞∫
1
s(n−1)/(m−1)
ϕ(s)1/(m−1)
ds < +∞.
4.5. Corollary. Let Ω be a domain in Rm+n, m ≥ n ≥ 2, and let K ≥ 1. Let u : Ω →
[−∞,+∞) be a Lebesgue measurable funtion. Suppose that the following onditions are sat-
ised:
(a) For eah y ∈ Rn the funtion
Ω(y) ∋ x 7→ u(x, y) ∈ [−∞,+∞)
is K-quasi-nearly subharmoni.
(b) For eah x ∈ Rm the funtion
Ω(x) ∋ y 7→ u(x, y) ∈ [−∞,+∞)
is K-quasi-nearly subharmoni.
() There is a stritly inreasing surjetion ϕ : [0,+∞)→ [0,+∞) suh that
(1)
+∞∫
s0+1
s(n−1)/(m−1)
ϕ(s−s0)1/(m−1)
ds < +∞ for some s0 ∈ N,
(2) ϕ(log(1 + (u+)r)) ∈ L1
lo
(Ω) for some r > 0.
Then u is quasi-nearly subharmoni in Ω.
Proof. It is easy to see that the assumptions of Theorem 4.2 are satised. We leave the details
to the reader. 
4.6. Next our slight improvement to Armitage's and Gardiner's original result:
4.7. Corollary. Let Ω be a domain in Rm+n, m ≥ n ≥ 2. Let u : Ω → [−∞,+∞) be suh
that the following onditions are satised:
(a) For eah y ∈ Rn the funtion
Ω(y) ∋ x 7→ u(x, y) ∈ [−∞,+∞)
is subharmoni.
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(b) For eah x ∈ Rm the funtion
Ω(x) ∋ y 7→ u(x, y) ∈ [−∞,+∞)
is subharmoni.
() There is a stritly inreasing surjetion ϕ : [0,+∞)→ [0,+∞) suh that
(1)
+∞∫
1
s(n−1)/(m−1)
ϕ(s)1/(m−1)
ds < +∞,
(2) ϕ(log+[(u+)r]) ∈ L1
lo
(Ω) for some r > 0.
Then u is subharmoni in Ω.
Proof. By [Ri073, Proposition 2 (v), (vi), and Proposition 1 (iv) (Proposition 2.2 (v), (vi), and
Proposition 2.1 (iv), p. 55)℄, see also [Ri061, Lemma 2.1, p. 32℄, (u
+)r satises the assumptions
of Corollary 4.3. Thus (u+)r is quasi-nearly subharmoni in Ω, and therefore e.g. by [Ri073,
Proposition 2 (iii) (Proposition 2.2 (iii), p. 55)℄ loally bounded above. Hene also u is loally
bounded above, and thus subharmoni in Ω, by [Ri89, Theorem 1, p. 69℄, say. 
Added 16 Ot 2008: For a further, still slightly improved version of the above Corollary 4.7,
see [Ri08, Corollary 3.3.3℄.
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